This paper presents a new non-linear steering controller for cars equipped with 4-wheel steer-by-wire that tracks reference sideslip and yaw rate signals describing the desired lateral dynamics. The proposed controller automatically rejects any disturbances in sideslip and yaw-rate, and incorporates an anti-windup scheme to reduce the effects of the saturation of the rear steering actuators. The control design is based on the Individual Channel Analysis and Design (lCAD) methodology. An analysis of the robust stability of the control system is presented. Results from a detailed non-linear simulation model are given to illustrate the controller's performance.
INTRODUCTION
This paper presents a new non-linear steering controller for 4-wheel steering cars. The proposed controller commands the front and rear steering angles with the objective of tracking reference sideslip and yaw rate signals obtained from the driver's inputs to steering wheel and pedals. These reference signals describe the desired lateral dynamics for the controlled car. In addition, the steering controller automatically rejects any disturbances in sideslip and yaw rate caused, for example, by lateral gusts of wind or Jl-split braking manoeuvres. It is assumed that the controlled output variables, i.e. sideslip angle and yaw rate, are measured (in practice, the latter might typically be estimated using, for example, a Kalman filter).
There is already a substantial body of research on the control of 4-wheel steering cars and a variety of control structures have been proposed (see, e.g. Ackermann, 1994 and Koumboulis and Skarpetis, 2(02) . The controller proposed here aims to achieve satisfactory performance and robustness taking into account the possible saturation of the rear steering 937 actuators during operation. The issue of rear actuator saturation has not been fully investigated in the literature.
The structure of the steering controller presented in this paper is based on a simplified linear model of the lateral dynamics of 4-wheel steering cars at constant speed. The main elements of the controller structure are a linear input transformation and a speeddependent feedback. These elements result in the partial decoupling of the sideslip and yaw rate responses with respect to the transformed inputs and yield speed-invariant yaw rate dynamics, thereby acting as an implicit gain scheduling on the vehicle speed. A more accurate model of the dynamics of 4-wheel steering cars is then considered. When applied to this new model, the proposed controller structure results in approximate partial decoupling and nearly speed-invariant yaw rate dynamics. The originally 2-by-2 multivariable control design problem can then be broken down into two SISO control design problems according to the ICAD paradigm (O'Reilly and Leithead, 1991) . Assuming certain bandwidth restrictions, controllers for the resulting sideslip and yaw rate channels can be easily designed within the proposed structure. The resulting controllers satisfy disturbance rejection requirements. A feed forward element is introduced to improve the response to reference inputs. Finally, an anti-windup scheme is incorporated into the controller to mitigate the effects of the saturation of the rear steering actuators. The resulting non linear steering controller is valid for varying vehicle speed and shows an excellent degree of robustness to plant parameter uncertainty.
The remainder of this paper is structured as follows. First the simplified model of the lateral dynamics of a 4-wheel steering car used to define the proposed steering controller structure is presented. Next, the steering controller structure is described based on this model. The proposed structure is then applied to a more accurate model of the car lateral dynamics and a feedback controller valid for varying vehicle speed designed following the ICAD approach is presented. The resulting controller is augmented with a feed forward element, which improves the responses to reference inputs, and with an antiwindup scheme, which allows the controller to cope with rear actuator saturation. The robust stability of the resulting non-linear feedback controller is then analysed. Finally, simulation results obtained with a detailed non-linear model of a 4-wheel steering Mercedes S-Class are given to illustrate the performance of the controller.
SIMPLIFIED LINEAR MODEL OF THE LATERAL DYNAMICS OF 4-WHEEL STEERING CARS AT CONSTANT SPEED
Throughout this paper, it is assumed that the essential features of the lateral dynamics of the car can be described using the single-track model [3] .
According to the single-track model, the two wheels at each axle are lumped into a single imaginary wheel located at the centre of the respective axle. The resulting front and rear wheels are interconnected by a one-dimensional rigid element with the car's mass distribution. Only the lateral motion of the car is considered when using the single-track model. It is assumed that the car's speed is constant and that the sideslip and steering angles remain small. Figure I depicts the single-track model indicating the main elements necessary for the analysis of the lateral dynamics. In Figure I , CGxyz are a set of reference axes fixed to the vehicle with origin at the centre of mass CG, v 938 is the velocity of the car with respect to the inertial reference OXYZ, vf and V r are the velocities at the front and rear axles, respectively, with respect to OXYZ, 'lfis the yaw angle and fJ is the sideslip angle.
It is assumed that the two wheels at each car's axle are steered to the same angle (4 and 4-in Figure I ).
The only external forces acting on the single-track model are Sf and Sr depicted in Figure 1 , which represent the cornering forces generated by the interaction between the tyres and the road surface. It is assumed that Sf and Sr are linear on the tyre sideslip angles (fXJ and a,. in Figure I ):
The constant K f is the result of modifying the combined stiffness of the two front tyres to take into account the caster effect of the steering system at the front axle. The constant K, is simply the combined cornering stiffness of the rear tyre as it is assumed that no caster effect is generated in the steering of the rear wheels.
The following LTI state-space equations are obtained by linearising the equations of motion applied to the single-track model about the equilibrium point given by zero sideslip, zero yaw rate and zero steering angles:
x= Ax+Bu
In these equations, m is the mass of the vehicle, l::z is its moment of inertia with respect to the CG-z axis and V x is the projection of the vehicle speed along the CG-x axis (hereafter referred to simply as the vehicle speed). The transfer function corresponding to the state-representation above is:
CONTROLLER STRUCTURE
The control design problem is stated in terms of a new plant model that results from modifying G(s) using input transformation and speed-dependent feedback based on the dynamical equations (2). The resulting plant to be controlled, G(s) , is uppertriangular and yields speed-invariant yaw rate
The following feedback element is introduced:
where K v ( vx) is defined as:
with Ko an arbitrary constant. The resulting state equations are:
Suppose the inputs to the plant G(s) are the result of the following linear transformation:
Input transformation.
dynamics. Expressing the problem in terms of G(s) instead of G(s) and assuming diagonal control greatly simplifies the design task. The proposed controller structure is explained below.
with E a matrix with constant entries. Considering (4), the resulting state dynamical equation for the single-track model with respect to the new inputs is: 
(5) (6)
x= Ax+BE[~J= Ax+BI[~:J
Choosing
The chosen matrix E correspond to the inputs:
If Ko is chosen to be:
with Taking Laplace transforms in (9) results in:
The resulting dynamical equation of the yaw rate with respect to the new inputs is:
The introduction of the feedback element described above results in the yaw rate dynamics depending only on one of the two inputs to be controlled, 2(S). Besides, the yaw rate response to~2(S) is speed-invariant and characterised by the fixed pole p(vxQ) in (19), which can in principle be arbitrarily selected by assigning a value to VxO in Ko.
where VxQ is a constant with the value of an arbitrary chosen vehicle speed, then taking Laplace transforms in (17) results in:
(10)
A physical interpretation of these new inputs is in terms of a mode given by~h where the front and rear wheels steer in the same direction and a mode given by~2, where the front and rear wheels steer in opposite directions.
It is assumed, for simplicity, that the plant G(s) is to be controlled by a diagonal controller. Thus, with the proposed controller structure in place the resulting multi variable control design process is reduced to the design of the linear controllers k) (5) and k 2 (5) (see Figure 2 ).
The controller structure described in the previous section has been applied to the design of the controllers k) (5) and k 2 (5) for a more accurate linear model of the car lateral dynamics at constant speed. This model, which still relies on the singletrack approximation, takes into account some additional features of the dynamics of a 4-wheel steering car, such as the front and rear actuator dynamics (modelled as second or systems), the dynamics of the tyre forces and the interaction of the tyre forces wi th the caster effect. 
ANTI-WINDUP SCHEME
It is possible to write the feedback part of the overall control system (based on the more accurate model of the lateral dynamics, and incorporating the antiwindup scheme described above) in the form depicted in Figure 4 . In the figure, 6 r . c is the rear steering angle demanded by the controller and 6 r is the actual rear steering angle, and b, c are vectors.
When written in this way, our system is an example of a Lur' e system, and stability results, such as the Circle Criterion Goldwyn, 1964W illems, 1973) , that have been developed for such systems can be used to analyse the system.
ROBUST STABILITY ANALYSIS
Since the rear wheels can only be steered to a very small angle due to space constraints and the steering controller performs integrating action, an antiwindup scheme has been devised to cope with the effects of the saturation of the rear actuators. The proposed scheo1e is inspired by conventional antiwindup methods and works as follows. The rear steering angle signal commanded hy the controller is subtracted from the measured rear steering angle. The resulting signal is fed to the input of the controller k, through a gain K AW • As it will be shown in the simulation results below, this scheme prevents the integrators in both k( and k 2 from winding up and allows the steering controller to retain control of the car. Mercedes S-Class, the resulting (;(5) can still be considered upper-triangular with speed-independent ya w rate dynamics up to frequencies around 10 rad/s. By adopting the ICAD approach and imposing a bandwidth separation between the resulting sideslip and yaw rate channels, simple controllers k, (5) and k 2 (s) can be designed individually using linear SISO techniques. Linear controllers of the form can easily be tuned to obtain satisfactory robustness margins and disturbance rejection perfonnance with a low bandwidth sideslip channel (approx 3 rad/s) and a high bandwidth yaw rate channel (approx 10 rad/s). Assuming slow-varying vehicle speed, the speed-dependent feedback term Kv(vJ acts as an implicit gain scheduling scheme that results in a non- 
G(s)
The full steering controller has been discretised and its performance has been simulated using a detailed non-linear simulation model of a Mercedes S-Class. The model includes a communication delay between controller and actuators of 20 ms. The following manoeuvre is considered. Suppose that the car travels on a road with a ,u-split surface so that the two wheels at the left hand side of the car are on dry asphalt (u~1) and the two on the right hand side are 7. SIMULATION RESULTS around its nominal value. For a given fixed vehicle speed, we calculate the en tries of A I, band e for a large number of values of the car model parameters randomly chosen from their respective uncertainty intervals. We then calculate the eigenvalues of
A1(AI-be T )
for all the values of the parameters considered. We repeat the process outlined above for three different vehicle speeds (20, 35 and 50 mls). Figure 5 shows the two eigenvalues of Al (AI -beT) closest to the real axis obtained with the different random values of the car model parameters for the three speeds considered. Since those eigenvalues can be seen to remain weB clear of the negative real axis, we can conclude that the system in Figure 4 is robustly asymptotically stable for the three speeds chosen. (22) 1£5r, c I~£5max
The Circle Criterion provides a frequency domain condition that can be used to test for the existence of a solution to (23). It has recently been shown that it is also possible to test for the existence of such a solution using a simple time-domain condition Narendra, 2003~Shorten et al. 2004) . Specifically, there is a positive definite P satisfYing (23) on ice (j.l~0.2) . While turning at 50 m/s, the driver applies the brakes moderately for 1 second (between time = 8 s and time = 9 s). The simulation results shown in Figure 6 below illustrate the response of the controlled car with and without anti-windup. The steering controller attempts to automatically reject the disturbances introduced by braking while tracking the reference sideslip and yaw rate. This results in the saturation of the rear actuators. Without anti-windup, the controller is not able to recover from the disturbances and spin out of control.
On the other hand, the full steering controller (with anti-windup) is able to retain control of the car. These results show the ability of the proposed non-linear steering controller to perform under simultaneous braking and turning on a p-split surface, demonstrating the robustness of the control system for varYing vehicle speed.
CONCLUSIONS
This paper has presented a steering controller whose structure is based on the basic physics of 4-wheel steering. The controller incorporates an anti-windup scheme to mitigate the effects of the possible saturation of the rear steering actuators. The robust stability of the resulting non-linear control system has been demonstrated using tools from non-linear systems analysis and its robustness has been illustrated through simulation. Future work will include a detailed robustness and integrity analysis together with validation experiments on a car equipped with 4-wheel steer-by-wire. 
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